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Abstract. A language L is said to be C-measurable, where C is a class
of languages, if there is an infinite sequence of languages in C that “con-
verges” to L. In this paper, we investigate the measuring powers of Gcom
of the class of all languages recognised by finite commutative groups and
its subclass named MOD. A language is in MOD if membership of a word
in the language only depends on its length modulo some fixed integer. In
particular, we show that, for a given regular language L, it is decidable
whether L is Gcom-measurable (MOD-measurable, respectively) or not.
Our results demonstrate that there is a huge gap between the expressive
power of group languages and commutative group languages, even from
a (very rough) measure theoretic point of view.

1 Introduction

The notion of C-measurability for a class C of languages is introduced by [6] and
it was used for classifying non-regular languages by using regular languages. A
language L is said to be C-measurable if there is an infinite sequence of languages
in C that converges to L. Also, the C-measurability can be defined by using so-
called Carathéodory extension [7], a purely measure theoretic notion. Roughly
speaking, L is C-measurable means that it can be approximated by a language in
C with arbitrary high precision: the notion of “precision” is formally defined by
the density of formal languages. Hence that a language L is not C-measurable
(C-immeasurable) means that L has a complex shape so that it can not be
approximated by languages in C.

So far, the decidability and different characterisation of C-measurability is
systematically studied for some subclass C of star-free languages. For example,
two simple and decidable characterisations of PT-measurable and AT-measurable
languages are given in [§], where PT is the class of all piecewise testable languages
and AT is the class of all alphabet testable languages (i.e., languages definable
by the first-order logic with only one variable). While the AT-measurability is
strictly weaker than PT-measurability, it is interesting that the computational
complexity of the AT-measurability is much higher than PT-measurability: de-
ciding the AT-measurability of a given regular language L (represented by a de-
terministic automaton) is PSPACE-complete but deciding the PT-measurability



of L can be done in linear time with respect to the number of states [10]. Further-
more, in [§9] it was shown that the GD-measurability and UPol-measurability
are equivalent, where GD is the class of all generalised definite languages (i.e.,
languages that can be defined by a finite Boolean combination of prefix and suffix
tests of some bounded length) and UPol is the class of all unambiguous polyno-
mials (i.e., languages definable by the first-order logic with only two variables).
Some properties of the measuring power of star-free languages is investigated in
[7], but the decidability for regular languages is still unknown.

On the other hand, for the measuring power of group languages, nothing is
yet known. A language is said to be a group language if its syntactic monoid is a
finite group, equivalently, it can be recognised by a permutation automaton [I1].
Although the definition of group languages is very simple from an algebraic
point of view, this class dose not have a language theoretic nor logical different
characterisation. To borrow the phrase used by Place—Zeitoun [4]: “This makes
it difficult to get an intuitive grasp about group languages, which may explain
why this class remains poorly understood.”

This paper addresses the first development step for understanding the mea-
suring power of group languages. In this paper, we investigate the measuring
power of G the class of all group languages, Gcom the class of commutative
group languages and MOD a subclass of Gcom (see Section 2] for the precise
definition). The main results of this paper are three kinds.

(1) Every group language whose syntactic monoid is non-commutative is Gcom-
immeasurable (Theorem [I]).

(2) A decidable characterisation of the Gcom-measurability for regular languages
(Theorem [2)).

(3) A simple decidable characterisation of the MOD-measurability (Theorem [3]).

2 Preliminaries

This section provides the precise definitions of density, measurability, group lan-
guages and its two subclasses. REG 4 denotes the family of all regular languages
over an alphabet A. For a word w € A* and a letter a € A, we write |w|, the
number of occurrences of a in w. The complement of L over A is denoted by
L = A*\ L. We assume that the reader has a standard knowledge of algebraic
language theory (cf. [213]).

The main targets of this paper are the following three subclasses of regular
languages. The group languages G, the commutative group languages Gcom and
the modulo languages MOD:

== {L C A" | L is recognised by a finite group }

Geomy = {L C A" | L is recognised by a finite commutative group }

MOD, ¥ ! [ C 4* _
finite group G such that n(a) = n(b) for all a,b € A

L is recognised by a morphism 7: A* — G into a }



A monoid M divides a monoid N if M is a monoid homomorphic image of
a submonoid of N. It is well-known that a monoid M recognises a language L
if and only if the syntactic monoid My, of L divides M (cf. |2, Theorem 10.2.6]),
hence L is in G4 (Gcomy, respectively) if and only if My, is a finite group (a
finite commutative group, respectively). For a € A, ¢, € N such that r < ¢, we
let

Ly, ={weA" ||wls=r modgq}and Ly, ={we A" ||w[=r modq}.

It is also known that Gcom4 (MOD 4, respectively) is the smallest Boolean alge-
bra containing all languages of L§ ,. (Lg,r, respectively) (cf. [3/4]). Hereafter, we
only consider an alphabet A such that #(A) > 2 (because MOD 4 = Gcom 4 =
Ga if #(A) = 1) and sometimes omit the subscript A for denoting these classes
of languages.

2.1 Density and measurability of formal language

For a set X, we denote by #(X) the cardinality of X. We denote by N the set
of natural numbers including 0.

Definition 1 (cf. [1]). The density 64(L) of L C A* is defined as

dor . 1 5= #(LNAF)
Sl 0D ey

if it exists, otherwise we write d4(L) = L. The language L is called null if
04(L) =0, and dually, L is called co-null if §4(L) = 1.

Ezample 1. Tt is known that every regular language has a rational density (cf. [1])
and it is computable. For each word w, the language A*wA*, the set of all words
that contain w as a factor, is of density one (co-null). This fact follows from the
so-called infinite monkey theorem: take any word w. A random word of length n
contains w as a factor with probability tending to 1 as n — oo.

We list some basic properties of the density as follows.

Lemma 1. Let K, L C A* with 04(K) = a,04(L) = 8. Then we have:
(1) SA(L\K)=8—a if KC L. (2)6a(K)=1—a. (8) 4(KUL)=a+p if
KNnL=g.

Lemma 2. Let n: A* — G be a morphism onto a finite group. For any g € G,
we have 54(n~"(9)) = #(G) ™.

For more detailed properties of § 4, see Chapter 13 of [1].
The notion of “measurability” on formal languages is defined by a standard
measure theoretic approach as follows.



Definition 2 ([6]). Let C4 be a family of languages over A. For a language
L C A*, we define its Ca-inner-density HCA(L) and Cx-outer-density fic , (L)
over A as

pe (L) Esup{04(K) | K C L, K € Ca,64(K) # 1 } and
Tic,, (L) L inf{64(K)| L C K,K €Ca,04(K)# L}, respectively.

A language L is said to be Ca-measurable if HCA(L) = fic, (L) holds. We say
that an infinite sequence (L,,), of languages over A converges to L from inner
(from outer, respectively) if L, C L (L, 2 L, respectively) for each n and

iy 00 04 (L) = 04(L).

The following is an example of Gcom-measurable non-regular language.

Ezample 2 ([6]). The semi-Dyck language D = {e, ab, aabb, abab, aaabbb, ...}
over A = {a,b} is Gcom-measurable. For each k > 2, the language Ly = {w €
A* | |w|s = |w|, mod k} is in Geom, because 71(0) = Ly, holds for the mor-
phism 7: A* — Z/kZ where h(a) = 1 and h(b) = k—1. Obviously, D C L holds
and it follows from Lemma [2 that d4(L;) = 1/k holds. Hence 04 (L) tends to
zero if k tends to infinity.

For a family C4 of languages over A, we denote by Ext4(Ca) (RExt4(Ca),
respectively) the class of all C4-measurable languages (C4-measurable regular
languages, respectively) over A.

Lemma 3 ([7]). The operator Exts is a closure, i.e., it satisfies the following
three properties for each C C D C 24" : (extensive) C C Ext4(C), (monotone)
Ext4(C) C Exta(D), and (idempotent) Exta(Exta(C)) = Exta(C). Moreover,
Ext4(Ca) is closed under Boolean operations and quotients if C4 is closed under
Boolean operations and quotients.

2.2 Semilinear sets and some background from group theory

Let A = {a1,...,aq}. The Parikh mapping Pkh: A* — N? is defined by
Pkh 4 (w) s (|lwlayy- -, |wla,). This can be naturally extended to a map tak-

ing a language L over A: Pkha(L) = {Pkha(w)|we€ L}. A set S C N? is
called linear if S is of the form

S={c+xipr+---+xxpr | v; € N for each i }

for some k € N and some vectors ¢, pi,...,pr € N% In this case, we call ¢
a constant vector and pi,...,pg are period vectors of (this representation of)
S. A set S C N? ig called semilinear if it is a finite union of linear sets. It is
well-known that (i) every regular language has a semilinear Parikh image, and
(ii) the complement of a semilinear set is also semilinear (cf. [5]).



Definition 3 (span). For eachK € {N,Z,Q,R} and p1,...,p, € K", we define

def
Span]K(pl)- .. apr) é {xlpl +--- +$Tpr | Tiye-. s Ty € K}

With this notation, a linear set S C N is written as S = ¢+ spany(p1,- .., Dr)-

A finitely generated commutative group M is called free if M is isomorphic

to Z" for some r € N. This r is called the rank of M, denoted by rank(M). It is
known that every subgroup M of Z" is also free of rank < r.

Proposition 1. Let r € N and M C Z" be a subgroup such that rank(M) = r.
Then there exists N € N such that NZ" C M. In particular, the index (Z" : M)
is finite.

Proof. Let {ey,...,e,} be the standard basis of Z". Since rank(M) = r, there
exists a free basis {p1,...,p,} of M such that M = spany(p1,...,p,). If we put
Mg = spang(p1, .. .,pr), then dimg(Mg) = r, i.e., Mg = Q" 2 Z". Therefore
there exist ¢; ; € Z (1 <4,j <r)and N € N such that

Cil n +ci,r
eizi e
NP1 N

for each i = 1,...,r. Thus NZ" = spany(Ney,...,Ne,) C M and (Z": M) <
(Z" : NZ') = N" < . 0
Definition 4 (rank and index of coset). For every linear set A C Z", there
exist ¢ € Z" and p1,...,py € Z" such that A = ¢+ spang(pi1,...,pu). Then
M = spany(p1,...,pu) is a subgroup of Z7, and we write

pr

def

rank(A4) et rank (M), (Z":A)=(Z" : M).
Note that rank(A) and (Z" : A) do not depend on the choice of ¢,pi,...,pu.

def

More generally, we write (G : gH) = (G : H) for a group G, a subgroup H, and
an element g € G.

Lemma 4. Let G be a group, H, K C G be subgroups, and a,b € G. IfaHNbK #
&, then aH NbK = x(H N K) for any x € aH N LK.

Proof. If x € aH NbK, then tH = aH and zK = bK. Thus aH NbK =
cHNzK =x(HNK). O

Thanks to Lemma [l we can write rank(A; N Ay) consistently.

Proposition 2. Let r € N, M CZ" be a subgroup, and my: Z" — (Z/n\Z)" be
the natural surjection. Then

rank(M) <r = nler;o((Z/n!Z)r s (M) = oo,

For the proof of Proposition 2], see Appendix.

For a group G, the commutator of two elements x,y € G is defined as [z, y] dot

ryx~'y~!. Note that [z, y] is the identity element if and only if # and y commute.
The commutator subgroup of G, denoted by [G, G], is the subgroup generated
by all the commutators of G. Note that [G,G] is a normal subgroup of G since
zlz,ylz™! = [zwz7t, zyz7 for all z,y, 2 € G. The abelianisation of G is defined

as the quotient group G®P . G/|G,G].



3 (Counter)examples of Gcom-measurable and
MOD-measurable languages

To grasp an intuition of Gcom-measurability and MOD-measurability, first we ex-
amine concrete examples of Gcom-measurable and MOD-measurable languages.

Proposition 3. Let FIN be the family of all finite and co-finite languages over
A, Com be the all languages whose syntactic monoid is a finite commutative
monoid, and AT be the Boolean algebra generated by the languages of the form
A*aA*.

(1) Exta(FIN) C Ext4(MOD).
(2) Exta(AT) C Ext4(Gcom).
(3) Exta(Gcom) = Ext4(Com).

Proof. We first show the strictness of ([Il) and (). Every language in Ext 4 (FIN)
or Ext4(AT) is null or co-null since every language in FIN or AT is so. The
language Lo o of even-length words belongs to MOD and has density d4(La,) =
1/2 by Lemmal2l Thus Ly ¢ € Ext4(MOD)\Ext4(FIN) and Ls o € Ext(Gcom)\
Ext» (AT) .

(@) Let FF C A* be a non-empty finite language. Define fr = {|w| |w € F} CN
and N = max{p. For each k > 1, the language

Fp={we A" | (lw|mod N +k)clp}

clearly belongs to MOD. By construction, it is easy to see that F' C Fj and
04(Fy) = #(r) /(N + k) holds. This means that the density of F} tends
to zero if k tends to infinity, i.e., F} converges to F' from outer. Since MOD
is closed under Boolean operations, we have Ext4(FIN) C Ext4(MOD) by
Lemma Bl

@) Let a € A and B = A\ {a}. First we show the Gcom-measurability of B* =
(A*aA*)® € AT. The construction of approximations is similar with the proof
of Item (). For each k > 2, the language Li ; = {w € A* | |w[, =0 mod k }
is a commutative group language as stated in Section[2l Clearly, Li o satisfies
B* C Ly and it is easy to see that limg_, o 04(Lg) = 0 holds. Also, Gcom
is closed under Boolean operations hence we have Ext 4(AT) C Ext 4(Gcom)
by Lemma [3l

@) The inclusion Exts(Gcom) C Exts(Com) is clear because Gcom C Com
holds and by the monotonicity of Ext4 (Lemma [B]). To show the reverse
inclusion, it is enough to show that Com C Ext 4(Gcom) holds thanks to the
idempotency of Ext4 (Lemma [B]). We use the following fact [3] Proposition
1.11]: Com is the Boolean algebra generated by the languages of the form
L(a,r) = {we A" | |w|, =} and Lj . where a € A and 0 < r < ¢q. The
Gcom-measurability of L(a,r) can be shown by the same manner with the
proof of Item (). Hence we have Ext 4(Gcom) = Ext 4(Com) by Lemma Bl

O



If we want to show the C-measurability of a given language, the tactics is
rather clear: to create a convergent sequence of languages in C. However, to
show the C-immeasurability of a given language, there is no routine tactics and
it is much harder in most cases. The following theorem gives infinitely many
non-trivial examples of Gcom-immeasurable languages.

Theorem 1. Every group language whose syntactic monoid is non-commutative
is Gcom-immeasurable.

Proof. Let L € G4 and suppose that the syntactic monoid G = M|, is a non-
commutative group. Let a: A* — G be the canonical surjection. Since G is non-
commutative, the commutator subgroup [G,G] of G is nontrivial, i.e., {1} C
[G,G] C G. Hence the abelianisation G*® = G/[G,G] of G satisfies #(G) >
#(G‘"‘b). Let 7: G — G?" be the natural surjection. Then L is not recognised
by 7 o a (otherwise G divides G*®, a contradiction). That is, there exist two
words u,v € A* such that v € L # v and 7o a(u) = 7 o a(v). Hence we have
a(u)"ta(v) € [G,G], i.e., there exist z1,y1,...,7;,y € G such that

l
a(w) " a(v) = [en ] - [yl = [ [z 9]

=1

(note that we do not have to consider the inverses of commutators since [z, y|~ 1

[y, x] in general). Since « is surjective, there exist 4l words s;,t;,8;,t; € A*
(1 =1,...,1) such that a(s;) = =z, a(t;) = y, (i)—le,anda( )—y;
Define two words w,w’ € A* by

l l
w = H Sitifigi, w' = H Sitigit_i.
=1 i

Then we have
1
w) = Hxiyiyflel =1, aw') = H[xl,yl] = a(u)ta(v).
i=1 i

Note that w’ is a rearrangement of w.

Consider two languages a~'(a(u)) and A*wA* in REG4. Their densities
are 64(a Y a(u)) = #(G)”" > 0 (by Lemma ) and d4(A*wA*) = 1 (by
Example [1). The intersection I = a~!(a(u)) N A*wA* also has density 5a(I) =
#(G)”" > 0 by Lemmalll

To prove that L is Gcom-immeasurable, it suffices to show that every K, M €
Geom 4 with K C L C M satisfies I C M \ K since I has positive density. Let
s € I. Since s € a }(a(u)) and u € L, we have s € L C M. Since s € A*wA*,
there exist t1,t3 € A* such that s = tjwts. The rearrangement s’ = titow’
of s satisfies a(s') = a(t))a(w)a(ty)a(w’) = a(s)a(u) ta(v) = a(v), hence
s ¢ L O K. Since ' ¢ K € Gcomy and s’ is a rearrangement of s, we have
s¢ K. Thus se M\ K. O



Corollary 1. For any group language L whose syntactic monoid is non-commutative
and for any Gcom-measurable language M, their symmetric difference L AN M is
an infinite set.

Proof. Let L € G4 and M € Ext4(Gcom4) such that My, is non-commutative.
Suppose contrarily that L A M is finite. Then LA M € Ext4(Gcom 4) and hence
(LA M)A M € Exta(Gecomy) since Ext4(Gcomy) is closed under Boolean
combination. Thus L € Ext 4(Gcom 4), which contradicts Theorem [I m|

4 Decidable characterisation of Gcom-measurability

The goal of this section is to prove the following Theorem [2] which gives the
decidability of Gcom-measurability for regular languages. The following defini-
tion extends the Parikh mapping into the set of integer vectors so that we can
use group theoretic tools. Intuitively, the set of vectors ZPkh 4 (L) N ZPkh4(L°)
defined in Theorem ] is a “boundary” between L and its complement from the
viewpoint of commutative group languages. Hence, the equivalence of Condi-
tion () and Condition ([2) in Theorem [2 states that a regular language L is
Gcom-measurable if and only if the boundary ZPkh4(L) N ZPkh4 (L) has a
smaller rank (than #(A)). In other words, L is Gcom-measurable if and only if
the boundary is negligible from the viewpoint of commutative group languages.

Definition 5 (ZPkha). Let L € REG4 and choose a representation of the
semilinear set Pkha(L) C N#A)

Pkh4(L) = U(Ci + spany (Pi,1, - - -, Piu(i)))- (1)

)

Then we define a semilinear set ZPkh (L) C Z#A) qs

ZPkhy(L) = U(Ci + spangy, (pi,l, e 7pi,u(i)))~

%

Note that ZPkh (L) depends on the choice (Ml) of representation of semilinear
set. Our results are, however, true for any choice of representation.

Theorem 2. Let L € REG4 and

ZPkha(L) = U Ay, Ay = ¢ +spang(pit, ..., Piu@)) S ZHY
ZthA(LC) = U A;a A; = C; =+ spany, (qj,17 ERRE) qj,l/(j)) - Z#(A)a
J

ZPkha(L) NZPkha (L) = | JAY, AL = ¢} + spang (1, ..., rrewy) C ZHY.
k

Then the following are equivalent.



L is Gcom-measurable.
For each (i, j) with A; 0 A, # &, rank(A;) < #(A) or rank(A}) < #(A).
For each k, rank(A}) < #(A).
For each (i, j) with A; N A # @,
— dim(spang (pm7 ... ,pi’u(i))) < #(A) or
— dim(spang (qjjl, cl qj,,,(j))) < #(A).
(5) For each k, dim(spang (Tg1,. .., Trem))) < #(A).

O —

(1
(2
(3
(4

The intersection of two semilinear sets, which is again semilinear as stated
in Section 2] and its rank can be effectively computable, thus we obtain the
decidability of Gcom-measurability.

Corollary 2. Itis decidable whether a given regular language L is Gcom-measurable
or not.

Proving Theorem [2] involves several lemmata, propositions, and an approxi-
mation notion which we call standard approrimation.

For each n € N, we write Pkh[n]a: A* — (Z/nZ)#4) for the composition of
Pkh4: A* — N#4) and the natural surjection N#¥4) — (Z/nZ)#A),

Definition 6 (standard approximation). Let L C A* be a (not necessar-
ily reqular) language. The standard approximation of L is the two sequences

(Lp)nen, (L, )nen of reqular languages defined as

L, Z Pkh[n!];" (Pkh[n!]4(L)), L, = Pkhln!];" (Pkh[n!]4(L))".

It is easy to see that L,, C L,y € L C Ly41 C Ly, for each n € N. That is, L,
(resp. L, ) approzimates L from outer (resp. from inner ).

Lemma 5. For every L € Gcom 4, there exists some d € N such that L is
recognised by Pkh[d]s: A* — (Z/dZ)#A),

Proof. Let G be a finite commutative group and a: A* — G be a homomorphism
recognising L. Define d = lem{ ord(«(a)) | a € A}, where ord(a(a)) denotes the
order of a(a) in G. One can then define a well-defined group homomorphism
¢: (Z2/dZ)* — G such that ¢((a)aca) = [[,eq (@)™ for each (z4)aca €
(Z/dZ)A. Tt is easy to see that a = ¢ o Pkh[d]4 and

L C Pkh[d] ;' (Pkh[d]4(L)) € a Y (a(L)) = L

thus Pkh[d] 4 recognises L. O

Lemma 6. Let L C A* be a language and (L, € L C Ly,)nen be the standard
approximation of L. Then the following claims hold.

(1) If L C M € Gcoma, then L C L,, C M for any sufficiently large n € N.
(2) If Gcomy > K C L, then K C L, C L for any sufficiently large n € N.

Proof.



(1) By Lemma [B we may assume that M is recognised by Pkh[d]4 for some
d € N. Let n € N be sufficiently large so that d divides the factorial n!. Then
the natural surjection p,: (Z/n!Z)#4) — (Z/dZ)#4) makes the diagram

A Pkh[n!] a (Z/’I”L'Z)#(A)
Pkh[d] o l""!

(Z.)dZ)*A)

commute. Thus

L C Pkh[n!] ;' (Pkh[n!]4(L)) = L,
C Pkh[n!]y" (o, (o (PKb[n!] 4(L)))
= Pkh[d] ;" (Pkh[d]4(L)) C Pkh[d] ;" (Pkh[d]4(M)) = M.
(2) Similarly, we may assume that K is recognised by Pkh[d]4 and
L = (L°)° D Pkh[n!] ;' (Pkh[n!]a(L))¢ = L,
> Phn!];" (7! (pn: (Pkh[n!] 4(L)))° = Pkhld] 3" (Pkhld] 4 (L))"
D Pkh[d] ;" (Pkh[d] 4 (K))°
since Pkh[d] 4 is surjective and recognises K,
= Pkh[d] ;" (Pkh[d]4(K)) = K.O
Proposition 4. For any language L C A* and its standard approzimation
(L,, € L C Ly)nen, the following are equivalent.

(1) L is Gcom-measurable.
(2) limp_ee 34(In \ L,) = 0.

Proof. The implication ) = () is obvious. Conversely, assume that L is
Gcom-measurable. Then there exist sequences (K, C L C M,),en such that
K,, M, € Gcomy and lim,, o d4(M,, \ K,) = 0. By Lemma [6] there exists a
non-decreasing sequence (N (n)),en such that K, C Lymy €L C fN(") Cc M,
for each n € N. Thus lim,, o 64(Ly, \ L,,) = lim, 5A(ZN(n) \LN(n)) <
limy, o0 04 (M \ Kn) = 0. 0

Proposition 5. For any language L C A* and dts standard approzimation
(Ln g L g Ln)nGN, we have

#(Pkh[n!) 4 (L) N Pkh[n!] 4 (L)) .

6a(Ln\L,) = (n!) A

Proof. We have
L, \ L, = Pkh[n!];*(Pkh[n!]4(L)) \ Pkh[n!] ;! (Pkh[n!] 4(L))°
= Pkh[n!] ;' (Pkh[n!]a(L) N Pkh[n!] 4 (L°))

and thus Lemma [2] completes the proof. a



Proposition 6. Let L € REG4 and

ZPkha(L) = | J 4, ZPkh 4 (L°) UA

where Ai,/l;- C Z#A) are linear sets. Then the following are equivalent.

(1) Tim #(Pkh[n!]a(L) N Pkh[n!]4(L°))
n— oo n!)#HA)
(2) For any (i,7), "

=0.

. #(WHI(AZ‘) N 71'n!(/ll‘))
s (n])#A) ;

:O,

where T ZHA) — (Z/n)Z)#A) is the natural surjection.

Proof. Note that

#(Pkh[n!) 4 (L) N Pkhin!]4(L°)) = #(mn(ZPkh s (L)) N 7w (ZPkh 4 (L°)))
-4 (U(wn,mi) N wn,(A;))) .
(@) = (@). Contrarily suppose that

lim # (7Tn! (Aig) N Ty (A;'(, ))

a3 (n)) A >0

for some (ig,jo) (note that the limit exists because of the monotonicity).
Then

4 (Pkh[n!] (L) N Pkh[n!] 4 (L)) # (Uz (T (i) N m(/lé)))

. #(ﬂ'ng(/ll ) N ﬂ—n'(/l_]o))
2 lim (n)#A) > 0.

() = (@). We have

# (U (mun(40) 0 mn(4))))

L #PRAYA() N PRAA(L)
n— 00 (n')#(A) n—00 ( |)#(
. Z i,j #(Trn'(/l ) N 7Tn'(AJ)) 7Tn| Al) n Tl'nu( ))
< Hm (n))#A - Znh_{rolo (n!)#A
=0.0

Proposition 7. Let Ay, Ay C Z#4 be two linear sets such that Ay N Ay # @.
Then the following are equivalent.



. T Al Tn! AQ
) s HEn) 0zt )

(2) rank(A;) < #(A4) or rank(A2) < #(A4).
(3) rank(A; N Az) < #(A).

=0.

Proof.

(@) = (@). Contrarily suppose that rank(A;) = rank(As) = #(A). Since the
indices (Z#(A) : /11) and (Z#(A) : Ag) are finite by Proposition [I we have

#(ﬂ'nl(/ll) N ﬂ-n!(AZ)) #(Trn!(/ll) N 7"-n!(AZ))

A (n!)#AD = (20 Z) A
lim !

= li
n=oo ((Z/IZ)#HA) : (A1) N i (A2))

> lim ! ‘ !

~ noeo ((Z/nIZ)#EA) cmp(Ar))  ((Z/nZ)#HA) 7, (Ag))

. 1 1
= Bk ZED A, 1 nlZED)  (ZFA ;A 1 i)

1 1
> . .
Z A L) @)

@) = ([@). We may assume that rank(A;) < #(A). Then we have

p FEw(A) NTa4) !
n—o0 (n!)#A) n—00 ((Z/n!Z)#(A) s (A1) N 7Tn1(/12))
< lim L =0.

= ntoe (Z/nIZ)#D : m(Ay))

The last equality is exactly Proposition
@) = (@)). rank(A; N A3) < min{rank(A;),rank(As)} < #(A).

@) = (@). Contrarily suppose that rank(A;) = rank(As) = #(A). Since
Ay, Ay are coset of Z#A) there exist constant vectors ¢j,co € Z#4) and
subgroups My, My C Z#4) such that A; = ¢1 + My, Ay = ¢o + Mo. Since
Ay N Ay # &, there exists ¢ € My N My such that A; N Ay = ¢+ (M N My).
Since rank(M;) = rank(A4;) = #(A) and rank(Mz) = rank(Az) = #(A4),
by Proposition [l there exists N1, Ny € N such that N1Z#A) C M, and
NoZHA) C M,. Thus Ny NoZ#A) C My N My and #(A) > rank(A; N Ag) =
rank(M; N My) > rank(Ny NoZ#A)) = #(A). O



Proof (of Theorem[2). The equivalences ([2) <= () and [@) <= (&) are clear.
For the standard approximation (L,, C L C Ly, )nen of L,

0 = ILm Sa(L,\L,) =0 (Proposition M)
= nh_)rr;o #(th[n!]A((i!));lj)kh[n!]’q(l/c)) =0 (Proposition [Bl)
= Vi,j [nlggo #(W"’((A;!));(;"!(A})) = 01 (Proposition [G)

Vi AN, =2V P »
R rank(/A;) < #(A) V rank(A}) < #(A) (Proposition 1)
(= @)
<= Vk[rank(A}) < #(A)] (Proposition [T])
(<= @).0

5 Simple characterisation of MOD-measurability

The decidability of MOD-measurability for regular languages is essentially al-
ready given by Theorem 2l Moreover, we have a simple language theoretic char-
acterisation of MOD-measurable languages as follows.

Theorem 3. For any L € REG4, the following are equivalent.

(1) L is MOD-measurable.

(2) leng(L) Nlena (L) C N is a finite set, where leng: A* — N is the length
function w — |w|.

(3) There exists a unique M € MOD 4 such that L AN M s a finite set.

Proof. The proof of the equivalence ([{l) <= (@) is similar to that of Theorem [2
Indeed, it suffices to replace all the occurrences of Gcom, Pkh, and #(A) in
Section@lby MOD, len, and 1, respectively. (Note that Zlen4(L)NZlens (L) C Z
is finite if and only if len4 (L) Nlens (L¢) C N is finite.)

@) = ([@). From the assumption, L A M and M are both MOD-measurable.
The class Ext 4(MOD4) is closed under Boolean combination, hence L =
(L A M) AMe EXtA(MODA).

(@) = (3)). Since lena(L) is a semilinear set of N, we may assume that

leng (L) = LJ(C2 + spany(p;)) U U{dj} (p; > 0 for each 7).

Define S = | J,(c,+spany(p;)), where ¢; = ¢; mod p;. Then we have len;" (S) €
MOD 4. Since leny (L) A S is a finite set by construction, the inverse image
len;'(leng (L) AS) = len* (lena (L)) Alen, ' (S) is also finite. Since we have

L Aleny'(lena(L)) =leny ' (lena (L)) N L¢ C leny* (lena (L) Nlena(L°)),



the set L Alen;'(lens(L)) is finite by the assumption (). Thus
L Alen*(S) = (L Aleny'(lena(L))) A (leny* (lena (L)) Alen ' (S))

is a finite set.

Suppose that there exist two languages My, Ms € MODy4 such that both
LA M, and L A Mo are finite sets. Then My A My = (LA My) A (LA M)
is also a finite set. Since MOD 4 is closed under Boolean combination, M; A
Ms € MOD 4. Thus M7 = M, since the only finite set in MOD 4 is @. a

6 Conclusion and future work

As we described in Section[Il while the measuring power of subclasses of star-free
languages are systematically studied so far, nothing is known for the measuring
power of group languages before. This paper gave the first decidability results
on this topic: the Gcom-measurability and the MOD-measurability for regular
languages are both decidable thanks to Theorem 2l Also, Theorem [Mtells us that
there is a huge gap between group and commutative group languages even from a
(very rough) measure theoretic point of view. To clarify the computational com-
plexity of these two measurability and the decidability of the G-measurability for
regular languages are our important future work. Also, to give a purely algebraic
characterisation of the G-measurability (the Gcom-measurability, respectively) is
an interesting open problem for us. For the case of MOD-measurability, we have
very simple language theoretic characterisation as stated in Theorem Bl We are
interested whether it is possible to obtain a similar language theoretic charac-
terisation of Gcom-measurability.

No different characterisation of REG-measurability is yet known, and only
few examples of REG-immeasurable languages are known (cf. [6]). The Krohn-
Rhodes theorem states that, for every finite monoid M, there exists a sequence
Gy, ...,G, of finite groups dividing M and a sequence My, ..., M, of aperiodic
finite monoids such that M divides Myo G0 M o---0G,, o M, where o is the
wreath product operation (cf. [3]). Roughly speaking, this means that every reg-
ular language can be represented as some “combination” of group and star-free
languages because a language is star-free if and only if its syntactic monoid is
aperiodic. In this sense, we can consider the class of group languages and the
class of star-free languages as two representative subclasses of regular languages.
We hope that a deep understanding of the REG-measurable languages (or, group
languages its self) might be obtained by a further study of the measuring power
of group languages.
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A Appendix

Proposition 8 (Smith normal form). Let s < r and p1,...,ps € Z" be r-
dimensional column vectors, and X = [pl -~-ps] € Z7*% be an r X s matriz.
Then there exists a pair (P, Q) of unimodular matrices P € Z"™" and Q € 7°*°
such that

€1 O

€2

PXQ = 0o - ) er1]ez |- |es,

0 .

where x | y mean that © divides y. Note that any e € N divides 0, i.e., e | 0.

Moreover, there exists an isomorphism Z" [ spany (p1, ..., Ds) = Z/e1ZX L] eaZ X
<o« X ZLjesZ. In particular, if es # 0, then (Z" : spang(p1,...,Ps)) = e1€ - - €5.
O

Ezample 3. Let X = [29]. Not that X is not in Smith normal form since 2 1 3.
Then, by applying elementary row and column operations, we have

ZOWZOW 20«»» 13«»-> 10«/-)10

03 33 -13 —-13 —-16 06|"
Thus Z/2Z x Z/3Z = Z* | spang([3], [3]) = Z?/ spang([ 5], [§]) = Z/6Z.
Proof (Proof of Proposition [3). Let rank(M) = s < r and p1,...,ps € Z" be
a free basis of M. Define an r x s matrix X € Z"* as X = [pl ~~~ps}. Then,

by Proposition 8] there exist two unimodular matrices P € Z"*" and Q € Z5**
such that

€1
€2 O
PXQ=| 0 , er]ea| - |es.
&
Here eq,es,...,es are all non-zero since rank(M) = s. Let ey,...,e, be the

standard basis of Z". Define an 7 x (s +r) matrix X (¢) € Z[t]"*6*) as X (t) =
[p1 - ps tey - - te,]. Then there exist two matrices Y € Z**" and Z € Z(r=s)xr
such that

_61 _
€2 O
tY

p.X(t).[gg]: 0 ...es ’

0 t7




where I, € Z™*" is the identity matrix. Suppose that the Smith normal form of
Z is

€s+1 0
€542 O
0 E

Cr

If n > max{ey,eq,...,es}, then the Smith normal form of X (n!) is

€1 0

. 0 0
0 .

€s

nlegy

nlesyo 0
0 . 0
0 .

i nle, ]
Here €541, €542, ..., e, are all non-zero since rank(M +n!Z") = r. Hence we have

lim ((Z/n!Z)" : 7w (M))
n—oo

= lim (Z" : M + Ker(m,)) = lim (Z" : M +nlZ")
n—roo n—oo

= lim (Z" : spang(p1,...,ps,nler, ..., nle;.))
n—oo
i Z)enZ X LjesZ x -+ - x L]esZx

= il Z/nlesi1Z X Z/nlesioZ X -+ - X Z/nle,Z

= lim ejeq---es(nlesi1)(nlesia) - - (nley) = 00.0
n—oo
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